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ABSTRACT We present a general theoretical scheme which allows the characterization of microphase 
separation of A-B diblock copolymer systems at all degrees of segregation. Our method is based on the 
density functional theory of Melenkevitz and Muthukumar and uses the technique of density profile 
parameterization to greatly reduce the technical complexity of the solution. The microphase-separated 
systems are observed to pass through three stages of ordering as the system is quenched. These are the weak, 
intermediate, and strong segregation regimes. The phase diagram is calculated for three ordered 
morphologies: lamellae, hexagonally-packed cylinders, and body-centered-cubic spheres. We also characterize 
these microphases by the dependence of the lattice constant, D, and the interfacial width, uo, on the quench 
parameter xN. The theory correctly reproduces the behavior predicted by previous theories describing the 
weak and strong segregation regimes and establishes the experimental conditions for the validity of these 
regimes. In the intermediate regime, the effective exponent (Y describing the N dependence of D (D = Nu) 
is larger than that in the strong segregation regime. a depends strongly on both block length and morphology 
in the intermediate regime. We attribute this behavior to chain stretching arising from the localization of 
junctions. 

Introduction 
During the last two decades several theories were 

developed attempting to characterize the physical phe- 
nomena associated with the ordering of A-B diblock 
copolymers upon microphase separation.’ However, in- 
vestigation of the phase diagram was restricted to very 
specific regimes of microphase separation due to the 
formalisms employed and inherent assumptions present 
in these theories. These developments concentrated on 
either the weak or the strong segregation regime of 
microphase segregation. 

There are two key parameters which effectively char- 
acterize the observed microphase separated domains. The 
first is the domain spacing$, characterizing the periodicity 
of the underyling lattice. The second is the interfacial 
width, u,, which describes the concentration gradient 
across a domain boundary. With these parameters one 
can describe the spatial density profile, the hallmark of 
the differing regimes of microphase separation. A weakly 
varying, nearly sinusoidal, spatial density profile char- 
arcterizes a system in the weak segregation regime. This 
regime is seen for systems quenched just below the 
microphase separation transition (MST). This behavior 
is in contrast to that of the highly ordered, sharply defined 
(small a,) domains characterizing the strongly segregated 
systems, resulting from deep quenches. In this regime 
the density profile assumes a “square-wave” form. The 
appropriate quench parameter was found to be xN, with 
N the total degree of polymerization of the diblock and 
x the familiar Flory interaction parameter.2 With this 
terminology in hand, we are now in a position to begin 
considering contributions to the literature. We focus first 
on theories valid in the strong segregation regime. 

In a series of papers, Helfand and Wasserman examined 
A-B diblock copolymer microphase separation into lamel- 
lae: hexagonally-packed cylinders? and spheres on a body- 
centered-cubic lattice5 in the limit of strong segregation. 
Their model was derived from an assumption that the 
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configurational statistics of the component chains reflected 
Gaussian behavior in the melt. Their resulting free energy 
consisted of a decomposition of the total free energy into 
potentials arising from the formation of domains, the 
creation of surfaces between these domains, and junction 
point fluctuations within the interphase region.6 

This linear decomposition of the total free energy was 
justified by the narrow interphase approximation (NIA) 
employed by these investigators. This assumption states 
that the domains are well defined, exhibiting sharp 
interfaces. This feature is expected in the strong segre- 
gation limit. Their formulation, in general, consisted of 
a self-consistent solution of the diffusion equation for the 
partition function.7 Their free energy, in terms of the 
partition function, was a function of the quench parameter 
xN, the fractional length of the A block, f(f = N J N  where 
N A  is the degree of polymerization of the A-block), and 
the bulk densities of the A and B components. They 
evaluated their free energy expression for the set of ordered 
morphologies mentioned above. 

They obtained a phase diagram denoting the stabilities 
of the ordered morphologies relative to the disordered 
phase. The strong segregation limits for these structures 
were also found and are given in Table I. They also 
determined the scaling law for the dependence of D on N, 
finding D W 6 U  for all three morphologies in this regime. 

This series was among the first describing the mi- 
crophase separation of diblocks in the limit of strong 
segregation and served as a motivating force for later 
developments described below. 

Ohta and Kawasaki8 employed a somewhat different 
approach in characterizing this regime. Their free energy 
consisted of contributions due to short- and long-range 
interactions present in the system. They anticipate the 
free energy, in the limit of T -, 0, from an electrostatic 
analog of the problem consisting of uniformly charged 
domains.9 The short-range part was formulated in terms 
of vertex functions (to be described below). This term 
characterizes the contribution to the potential from the 
domain walls and is proportional to the total domain wall 
area. Due to the influence of the domain walls, the long- 
range part may be described in terms of density-density 
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Table I. Stability Regions for Various Morphologies As 
Predicted by the Strong Segregation Theories of Helfand 

and Wassemman,d Semenov,lo Ohta and Kawasaki,” and DFT 
spheres U, cylinders U, lamellae U, 

Helfand and Wasserman 0.0-0.15 0.15-0.33 0.33-0.50 
Semenov 0.0.12 0.12-0.28 0.28-0.50 
Ohta and Kawasaki 0.0.215 0.215-0.355 0.355-0.50 
DFT 0.0.195 0.195-0.345 0.345-0.50 

correlation functions, ($(r)$( i ) ) ,  with $(r) the order 
parameter a t  space point r of the microphase-separated 
system. These correlation functions exhibit a character- 
istic llrdependence. It is the “Coulombic” nature of these 
correlation functions which allows an “electrostatic” 
formulation of the problem. (More will be said on vertex 
functions and order parameters below.) A sharp interface 
and a parameterized density profile are assumed in the 
solution. 

They predict that D = x1/6N2/3 and go = x-lI2 for this 
regime. We note that their prediction of D = W f 3  is in 
good agreement with the prediction of Helfand and 
Wasserman stated above. They also calculate the strong 
segregation limits for the lamellar, cylindrical, and spher- 
ical morphologies which are given in Table I. 

Within the context of micelles, SemenovlO performed 
an analysis similar to that of Ohta and Kawasaki. He 
partitions the total free energy into internal, surface, and 
external parts. In his “electrostatic” formulation of the 
problem, the spatial distribution of junction points plays 
a more important role than in the development of Ohta 
and Kawasaki. While recovering the predictions of Ohta 
and Kawasaki for the dependence of D and go on xN, 
Table I shows yet another set of strong segregation limits 
for the lamellar, cylindrical, and spherical microdomains. 

We note one feature common to the formalism of these 
strong segregation theories. This is the linear decompo- 
sition of the free energy into separate contributions. This 
decomposition, in all cases, is facilitated by the assumption 
of a narrow interphase characterizing the segment density 
profile. Having addressed developments concerning the 
limit of strong segregation, we now turn our attention to 
the weak segregation regime of microphase separation. 

The first theory to treat weakly segregated systems is 
that of Leibler.ll His mean-field free energy formulation 
consisted of a fourth-order Landau expansion about its 
value in the disordered phase12 in terms of vertex functions 
containing a suitably defined order parameter. The order 
parameter $(r) is defined as the deviation in the local 
composition of one component from the spatially averaged 
composition. The vertex functions, describing the density- 
density correlations within the melt, contain the physical 
parameters describing the state of the system, xN and f. 

This Landau free energy formulation of Leibler im- 
plicitly assumes that there is a critical point analogous to 
phase transitions in Ising and binary fluid systems.13 

Leibler evaluated his free energy expression for the 
lamellar, cylindrical, and spherical microphases, devel- 
oping a phase diagram valid in the weak segregation regime, 
very close to the critical point. He finds that the transitions 
from the homogeneous (disordered) phase to spheres, 
spheres to cylinders, and cylinders to lamellae are first 
order when f # 0.5. A second-order transition from the 
disordered phase to lamellae is predicted at  the critical 
point for the case of symmetric diblocks cf = 0.5, xN = 
10.495). 

His solution, specifically the calculation of the vertex 
functions, is performed within a generalized random-phase 
approximation (RPA).14 He used a single harmonic to 
describe the sinusoidal segment density profile. This 
harmonic, having characteristic wave vector P ,  is assumed 
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to be temperature independent and characterizes the 
maximum in the structure factor S(k*). Given these 
assumptions, he finds that D = NI2 in this regime. Hence, 
the configurational statistics of the chains are predicted 
to reflect Gaussian behavior in this regime. 

Fredrickson and Helfand15 extended Leibler’s work to 
account for concentration fluctuations not considered 
within a mean-field framework. Using a Hartree-type 
analysis, they reduced Leibler’s free energy into a Bra- 
zovskiil6 form, thereby adding self-consistent corrections 
to the Leibler’s mean-field free energy. 

In general, they observe that the order-disorder tran- 
sition is weakly first order a t  f = 0.5, exhibiting a 
characteristic molecular weight dependence: xN = 10.495 + 41.O22N-lf3. Also they observe compositional “windows” 
in their phase diagram, which allow transitions from the 
disordered phase to a n y  of the three ordered morphologies 
considered. They further note that Leibler’s predictions 
are recovered when N + Q), where mean-field behavior is 
expected since composition fluctuations will be suppressed 
in this limit. 

We note that the evaluation of the higher order vertex 
functions in this development is performed using the local 
approximation.8 Recently, Mayes and Olvera de la Crud7 
reevaluated Fredrickson and Helfand’s free energy with 
consideration of the angle-dependent higher order vertex 
functions in their Hartree approximation and found xN 
= 10.495 + 39.O53N-ll3 a t  f = 0.5. 

In another paper by these investigators, the free energy 
of Leibler was reevaluated using four composition har- 
monics, instead of only one.18 They employed nonlocal 
higher order vertex functions and found, upon minimi- 
zation of their free energy, that k* is temperature 
dependent. Their calculations for the lamellar and 
hexagonal morphologies predict a curious result, D = N 
in the weak segregation regime. This is quite different 
than the prediction of Leibler showing D = N/2. 

We observe that the weak segregation theories presented 
have a Landau-type formulation in common. However, 
comparison of the methods of evaluation of the attendant 
vertex functions, local versus nonlocal, leads to strongly 
disparate predictions for the scaling behavior when D = 
Na is considered. 

Thus far we have presented theories with predictions 
valid in either the weak or strong segregation regime of 
microphase separation. Melenkevitz and MuthukumarIg 
performed the first analysis of microphase separation of 
diblock copolymers focusing on intermediate degrees of 
Segregation. Their density functional theory (DFT) is an 
adaptation of the analyses describing the freezing of simple 

Melenkevitz and Muthukumar generalized 
their formalism for liquids comprised of block copolymers. 
Employing the field-theoretic techniques of Leibler they 
characterized the dependence of D on xN for the lamellar 
microphase at  all degrees of microphase separation, 
recovering the weak segregation predictions of Leibler and 
the strong segregation predictions stated above. 

Since the publication of Melenkevitz and Muthukumar’s 
work, there have been two studies which address mi- 
crophase separation of diblock copolymers at all degrees 
of segregation. ShullB considered the behavior of the 
segment density profile at the interface separating the 
A-rich and B-rich domains of lamellar structures. He 
modeled his theory in the spirit of characterizing lamellae 
present in the bulk, a t  surfaces, and comprising thin films. 
His mean-field approach focused on determining the 
probability distribution functions q ( i j )  which are related 
to  the probability of finding the termination of a chain 
segment of length j within layer i of the lamellar registry. 
Within the context of appropriately defined boundary 
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conditions, the self-consistent formalism similar to that 
of Helfand' was used to solve the coupled set of equations 
for the density profile a t  the interface and the probability 
distributions q ( i j ) .  

For a symmetric A-B diblock copolymer, he predicts 
that the density profile assumes a hyperbolic tangent 
functional form across the interface when xN > 20. He 
observes this because the NIA was not employed in his 
model. Further, he observes strong segregation behavior 
for 45 < xN 5 150 finding that D = x ~ . ~ ~ N O . ~ ~  in this range 
of xN. Notably, as xN is decreased, he finds that D = 
NO.96 in the region 10.5 I xN < 15, similar to the results 
obtained by Mayes and Olvera de la Cruz.18 A smooth 
and rapid transition from D = NO36 to D = W.6' is seen 
as xN is increased from 15 to 45. 

Vavasour and Whitmore24 employ a self-consistent 
mean-field approach very similar to that used by Shull. 
However, a more general version is employed which allows 
a solution to the distribution functions describing the 
configurational statistics of the chains not only in lamellar 
but also in cylindrical and spherical geometries. For 
weakly segregated systems, their phase diagram shows a 
transition to lamellae for symmetric diblocks with an 
apparent critical point a t  xN = 10.5, in agreement with 
Leibler. However, for asymmetric diblocks, the MST is 
shifted to lower values of xN than that predicted by 
Leibler, with this downward shift becoming more severe 
with increasing compositional asymmetry. The transitions 
between the various morphologies exhibit a smooth but 
rapid upturn to strong segregation limits as the system 
becomes deeply quenched. Their predicted strong seg- 
regation limits are in good agreement with those predicted 
by Helfand and Wasserman (see Table I). 

They predict D = p N q ,  q = p + l /2 ,  for all morphologies 
a t  all degrees of segregation. At  deep quenches they 
observep = 0.2, q = 0.7 for the three morphologies studied, 
consistent with strong segregation predictions for these 
exponents. For shallow quenches near the MST, they 
generally observe an increase in p and q for the lamellar 
and cylindrical morphologies. For symmetric, lamellae- 
forming diblocks they predict that p = 0.5 and q = 1, in 
good agreement with Shull. For systems forming stable 
cylinders the increase was not so large, with p = 0.4 and 
q = 0.9. No detectable increases in p and q above their 
strong segregation values was predicted for sphere-forming 
systems. 

Our objective here is to extend the work of Melenkevitz 
and Muthukumar by similarly studying the cylindrical 
and spherical morphologies and developing a phase 
diagram valid a t  all degrees of microphase separation. 
Throughout our discussions we will focus on the behavior 
seen at  intermediate degrees of segregation, providing 
physical motivation for our observations. 

Having introduced the problem at  hand, the rest of this 
paper is organized as follows. We will first outline the 
formalism relevant to our study of microphase separation 
of A-B diblock systems and then discuss the minimization 
procedure needed for the development of the phase 
diagram. Following this, we will present the calculated 
phase diagram and examine the dependence of D and uo 
on the quench parameter, xN, for the microphases 
considered. Finally, we conclude by discussing the im- 
plications of work, indicating the directions of future study. 

Theory 
In this section we sketch the details of DFT needed to 

give the operative forms of our thermodynamic functionals. 
The reader is directed to the original development for a 
thorough discussion of the formalism outlined here.lg 
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Our system consists of Gaussian, monodisperse, A-B 
diblock copolymers composed of N statistical segments. 
We further assume that both blocks of the copolymer are 
noncrystallizable and have equal segment lengths and 
segment volumes. The grand potential, Q ,  is then a 
functional of the spatial variables p ( r )  and pA(r): 

Q[p(r),p~(r)')I = F[P(r),PA@)1- $Jdrp(r) (1) 

Here, p ( r )  and PA@) are the total and A (minority) 
component segment density variables a t  r. The grand 
potential functional is formulated in the usual way from 
the difference between the Helmholtz free energy, F, and 
the Gibbs function containing the chemical potential k. 

We now assume incompressibility, i.e., p ( r )  = p,  and 
determine the Helmholtz free energy of the ordered state, 
F [ p ~ ( r ) l ,  as a functional Taylor series expansion in PA(r)  
about its value in the disordered state, F[p~dl: 

PAd is the A component density in the homogeneous phase. 
The symbol 6/6fIA(r) denotes functional differentiation 
with respect to PA(r). We determine F i n  the disordered 
state through a fourth-order Landau expansion in the 
density variable PA(r) in terms of the vertex functions rz, 
r3, and r411 

P A ( ~ ~ ) P A ( ~ ~ ) P A ( ~ ~ ) P A ( - ~ ~  -k2 -k3) + (3) 
with 

PA(& = JdEihPA(r) (4) 

where kT is the Boltzmann constant multiplied by the 
absolute temperature and V the volume of the system. F 
is calculated by summing over the contributions of all k, 
thereby accounting for all modes comprising the density 
profile. This is contrasted with the procedure used in the 
weak segregation theories in which F is evaluated at  a 
single 14 = k*, the maximum in the structure factor, S(k*). 
It is this summation over all modes which allows calculation 
of the thermodynamics of microphase separation at all 
degrees of segregation. 

In general, the vertex functions are calculated within 
the random-phase approximation (RPA).11J4 I'z is the 
inverse of the structure factor, S-'(k), and is given through 

N r , ( k ,  -k) = 

- 2xN ( 5 )  

whereg(f,x) is thefamiliarDebyefunction,g(f,r) = r 2 [ e - f x  
- 1 + f x l ,  x = (kR,/D)2, and f is the fraction of the A 
component in the diblock copolymer. Note that in the 
definition of x ,  k is dimensionless. Minimization of the 
free energy with respect to x will determine the periodicity, 
D, of the domains. We will see that the quench parameter, 

g(1, x )  
1 

2gV, x ) g ( l - f )  - p ,  x )  - gV, x )  - g(l% X ) l 2  
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xN,  appears only in the expression for M'2. This will 
simplify the minimization problem when deep quenches 
are studied (see below). 

The higher order vertex functions are taken as constants 
with 

N r ~ ( k l ~ k 2 ,  -k1, -k2) s N r 3 ( l )  (6) 

M ' d ( k 1 ,  kz, k3, -k1, 4 2 %  -k3) = Nr,(O,O) (7) 
whereNra(1) andNI'4(0,0) are defined by Leibler." Here 
we have employed the local approximation,8 which has 
been used in theories addressing both weakly16 and 
strong19 segregated systems. 

Since we expect the ordered phase to be periodic in 
space, it is convenient to express the density profile PA(r) 
in terms of a Fourier series: 

pA(r) = p f ( r )  = pf + P {a, cos(k,,r) + b, sin(k,r)) (8) 

The set of reciprocal lattice vectors {k,) will define the 
morphology investigated. The sets of Fourier coefficients, 
{a,) and {b,), become the order parameters of the theory. 

When the condition for an extremum in Q is imposed 

k,#O 

WithpAo(r) the A component segment density profile which 
extremizes the grand potential, we arrive at  the final form 
for the difference in grand potential, AQ, between that of 
the ordered, no, and disordered, ad ,  states: 

Nr4(0,0) 
192 g g G ( 4 a n a m a ~ n + m + 1 +  3anama~n+m-m - 

4bnbmb+n+m+, + 3bnbmblbm+l-n - "bnbmaPn+m+, + 
12~,~,blb,+,+l+ 12a,amblb,+,, - 6a,amb,b,+,l) + 

(10) 
We see that As2 is a function off (appearing through the 
vertex functions and the Fourier series for PA(r)), xN, and 
R,/D (appearing in "2), (k,,) (the morphology), and the 
order parameters {a,) and (bn). 

Having obtained the operative form of our free energy, 
we now discuss the minimization procedure in the next 
section. 

Minimization Technique 

Calculation of the minimum AQ for a particular set of 
conditions cf, xN, and {k,)) presents a variational problem 
in 2n + 1 parameters ( {an) ,  {b,), Rg/D). n becomes very 
large as the degree of quench is increased, making the 
solution a formidable task. Therefore, we parameterize 
the expected density profiles in order to alleviate the 
computational difficulty associated with such a multi- 
variable minimization problem. We have exploited the 
symmetries of the microphases considered here (lamellae, 
cylinders, and spheres) and have developed expressions 
for the density profiles in terms o f f ,  &), and uo, the 
interfacial width. 
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Melenkevitz and Muthukumar have used 

with j ,  a spherical Bessel function of order zero for the 
order param3ters describing the lamellar morpholw. 
They have shown that this parameterization successfully 
characterizes the behavior of the segment density profile 
a t  all degrees of microphase separation.lg 

We now introduce similar density parameterizations for 
hexagonally-packed cylinders 

( 1 2 )  
and body-centered-cubic spheres 

where J1 and j1 are Bessel and spherical Besel functions 
of order one, respectively. Since the symemtry of these 
structures allows a half-interval Fourier representation, 
{bn) = 0 for all the morphologies considered here. {k,) for 
each morphology is found from the primitive translation 
vectors of the underyling lattice.26 Using the technique 
of parameterization, the evaluation of the minimum AQ 
has been reduced to a two-variable, Rg/D and uoID, 
variational problem. 

The minimization of AQ proceeds as follows. Given the 
set of parameters: f ,  xN,  and {kn], the expression for AQ 
is minimized with respect to Rg/D and uo/D. Then, the 
system is characterized according to the following set of 
stability criteria: If AQ > 0 the disordered phase is stable. 
If A n  = 0 the order-disorder transition occurs, and if AQ 
< 0 the ordered phase is stable. The ordered phase 
characterizing the morphology is the one yielding the 
lowest value for AQ. 

Having sketched the theory describing the thermody- 
namics of our diblock copolymer systems and detailing 
our minimization procedure, we now present the results 
of our study. 

Results and Discussion 

In Figure 1 we consider the predicted phase diagram. 
Part a shows the regions of stability for lamellae (LAM), 
hexagonally- packed cylinders (CYL), and body-centered- 
cubic spheres (SPH). The location of the homogeneous, 
disordered (DIS) phase is also indicated. Since the phase 
diagram is symmetric aboutf = 0.50 for the diblock system, 
we concentrate on the left half and consider 0.10 I f I 
0.50. For xN I 55 we present the DIS-SPH (A), SPH- 
CYL (m, O) ,  and CYL-LAM ( 0 , O )  transitions. We have 
also calculated the strong segregation limits for spheres 
(f = 0.195) and cylinders (f = 0.345) at  xN = 300 (see the 
last entry in Table I). We will show that a t  xN = 300 the 
domains of these morphologies are strongly segregated. 
These strong segregation limits compare favorably with 
those of Ohta and Kawasaki quoted in the table. We 
attribute the slight discrepancies observed between the 
predictions of DFT and Ohtaand Kawasaki for these limits 
to the differences in the evaluation of term containing 
"2. We have explicitly calculated the wave vector 
dependence of this term, while Ohtaand Kawasaki employ 
an approximate, bilinear form for "2 in order to facilitate 
an analytical solution.8 
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Figure 1. Part a: phase diagram as predicted by DFT. The 
strong segregation limits (in terms off) for spheres and cylinders 
are indicated at the top of the phase diagram. Part b: comparison 
of the phase diagrams of DFT and Leibler. See text for an 
explanation of the plotting symbols. 

In part b we show the depatures of the SPH-CYL and 
CYL-LAM transitions as calculated by DFT from the 
predictions of the weak segregation theory of Leibler. We 
see that at xN i= 15 the CYL-LAM transition calculated 
by DFT sharply deviates from the weak segregation 
prediction, with a rapid approach to a strong segregation 
limit for this transition as xNis further increased. Similar 
behavior is seen for the SPH-CYL transition beginning at  
xN i= 20. Note that this rapid approach of the SPH-CYL 
and CYL-LAM transitions to their strong segregation 
limits was also observed by Vavasour and W h i t m ~ r e . ~ ~  
For the range off studied, the DIS-SPH transition shows 
no differences from the predictions of Leibler. Comparison 
of the predictions of DFT with those of the Leiblers theory 
(using the local approximation for the higher order vertex 
functions) enables one to determine its region of appli- 
cability. 

We have used both shaded and unshaded plotting 
symbols to construct these curves. The data shown with 
filled plotting symbols (0, m, A) were obtained using the 
expression for AQ given in eq 10, which we will term the 
“full” theory. Data indicated by unshaded symbols (0,n) 
were calculated using only the first term of eq 10, i.e., the 
term containing Nrz.  This simplification of the theory 
was necessary in order to carry out the calculations of the 
SPH-CYL transition for xN > 20 and to investigate the 
intermediate-strong segregation behavior for the cylin- 
drical and spherical microphases. 

In the previous section we noted that calculation of An 
involves a summation over all k,. As the degree of quench 
is increased the density profile assumes a “square-wave” 
appearance. Consequently, many wave vectors (of order 
lo4) are needed to yield a convergent Fourier expansion 
for PA(r).  The calculation of the second and third terms 
of eq 10 for such a large set of wave vectors is beyond the 
limits of the available computational resources. Figure 2 
shows the percent deviation of AQ calculated using the 

-5 “4 Y 
-15 4 i  
-20 

0 a2 40 83 €0 100120 14018) 18om 
XN 

Figure 2. Percent deviation of the value of AQ found from the 
truncated free energy expression from its value determined by 
the “full” fourth-order expression. The calculation is performed 
for lamellar microdomains at f = 0.45 (0). 

truncated expression from its value using the “full” theory. 
(The deviation is negative because, in general, the second- 
and third-order terms are negative, and the fourth-order 
term is positive and has higher magnitude than the third.) 
Fortunately, for large enough xN,  the first term in eq 10 
comprises over 99% of AQ, making the truncation of As2 
to this single term a reasonable approximation. The 
success of this approximation is seen when the CYL-LAM 
transition is calculated using the full (0) and the truncated 
(0) versions of eq 10 for 25 I xN I 40. The curves are 
virtually identical for this region of xN. This is not too 
surprising in that as the degree of quench of the system 
increases (i.e., as temperature is decreased), the terms in 
the theory dependent on enthalpic interactions begin to 
play a dominant role in the thermodynamics. In fact, for 
deeply quenched systems, these terms become the over- 
riding factor in the free energy. Since xN,  a pairwise 
interaction parameter, appears only in NI’Z, this term 
would be expected to characterize the thermodynamics of 
the system as it is quenched deeply into the microphase 
separated region of the phase diagram. Therefore, we are 
confident that this approximate form of As2 captures the 
essential physics of the full theory when deeply quenched 
systems are investigated. 

We now turn our attention to the characterization of 
the dependence of D and uo on x and N for the 
morphologies considered. In part a of Figure 3 we 
investigate the dependence of D on N from a plot of In 
(DIR,) versus lin ( x N )  for the lamellar morphology. This 
is done for f = 0.50,19 0.45, and 0.40. We see the regions 
of weak D = N0.W (R, = IW2) and strong D c W.6’ 
segregation behaviors. Between these regions we see D = 

with 0.72 an “effective” exponent characterizing the 
crossover behavior between the limiting regimes. This 
region, the “intermediate” segregation regime, will be 
further discussed below. (The uncertainty in the expo- 
nents calculated in this study is approximately iO.01.) 
We see that these exponents are independent of the value 
off, consistent with predictions for the weak and strong 
segregation regimes. The locations of the changes in these 
exponents allow one to delineate the ranges of xN 
corresponding to differing degrees of segregation. For 
example, for f = 0.40, we see weak segregation when 11.32 
I xN < 14.0, intermediate segregation when 14.0 I xN 
5 100, and strong segregation when xN 2 100. 

Part b of Figure 3 shows a plot of In (uo/D) versus In 
( x N )  for f = 0.50,19 0.45, and 0.40. We see a non-universal 
dependence of a, on x and N at  weak and intermediate 
degrees of segregation. However a t  xN 5 100 we recover 
the strong segregation behavior, a, = X - O . ~ .  Finally, we 
note that the full expression for AQ was used in determining 
these curves. 
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Figure 3. Characterization of the dependence of the domain 
spacing, D (part a), and the interfacial width, u,, (part b), on x 
and N for lamellae at f = 0.50 (e), 0.45 (m), and 0.40 (A). The 
values adjacent to the lines in part a indicate the value of a in 
D Na. That in part b indicates the value of i3 in a,, - xp. 

Figure 4 similarly characterizes D and uo for the 
cylindrical microdomains. In part a we see the weak (D  
= N0.w) and strong ( D  = N0.6?) segregation regions, with 
exponents independent of f. Between these limiting 
regimes we see intermediate segregation exhibiting an 
f-dependent exponent with values ranging from 0.74 when 
f = 0.35 to 0.78 when f = 0.25. In characterizing the 
interfacial width, part b of Figure 4, we observe similar 
transition from nonuniversal behavior in the weak and 
intermediate segregation regimes to the universal strong 
segregation law uo = X - O . ~  as xN is increased. Note that 
the truncated expression of A0 was needed in order to 
investigate the strong segregation regime for cylinders. 

Similarly, we characterize the spherical microdomain 
in Figure 5 for f = 0.19. Again, in part a, we see the three 
regimes described above when we consider the dependence 
of D on N .  Here we observe D = a t  intermediate 
degrees of segregation. The dependence of bo on xN shown 
in part b exhibits similar behavior to that of the lamellar 
and cylindrical microphases. Unfortunately, due to the 
extreme demand placed on the available computational 
resources for this calculation, a complete set of data is 
unobtainable a t  this time. We have only included on 
Figure 5 data in which the Fourier expansion describing 
the A component segment density profile, eq 8, is fully 
converged. We merely quote the apparent exponent 0.82 
in the beginning of the intermediate segregation regime 
to give an indication of the degree of chain deformation 
expected for this morphology. Additionally, despite using 
the truncated expression for AQ, further computational 
difficulties exist which limit study of only one value off. 
Therefore, no comment may be made at  this time regarding 
the dependence of this intermediate exponent on f. 

Finally, we depict "micrographs" of the cylindrical 
microdomains at  various degrees of segregation. Here we 

2 3 4 5 6 
h(XN) 

Figure 4. Characterization of the dependence of the domain 
spacing, D (part a), and the interfacial width, u,, (part b), on x 
and N for cylinders at f = 0.35 (O,O),  0.30 (m, 01, and 0.25 (A, 
A). The values adjacent to the lines in part a indicate the value 
of a in D = Na. That in part b indicates the value of @ in u,, = 
x8. The shade of the plotting symbols indicates the regions where 
the full and truncated versions of the free energy are used (see 
text). 

investigate the ability of the density parameterization to 
render effectively the physical details of a given mor- 
phology. The images are constructed from specifying f ,  
{kn], and uo/D in eqs 8 and 12. Black regions indicate pure 
A component cf = l.O), and white regions are pure B 
component cf = 0.0). 

Figure 6 shows images of hexagonally-packed cylinders 
(axial projection) a t  f = 0.30 for uo/D = 0.25 (top), 0.10 
(middle), andO.O1 (bottom), withDarbitraryandconstant. 
We note the sharpening of the domain structure as the 
interfacial width becomes narrower. The value of u,JD = 
0.25 in part a of Figure 6 is typical of a late-weak to early- 
intermediate degree of segregation. udD = 0.10 in part 
b is characteristic of the intermediate segregation regime 
while uo/D = 0.01 in part c describes strongly segregated 
microdomains. Similar "micrographs" for other morphol- 
ogies can readily be constructed. 

We now discuss the physical reasons for the presence 
of an intermediate segregation regime through the de- 
pendence of the molecular weight exponent in the scaling 
law for D, on the choice of morphology andf. As the system 
becomes deeply quenched the junction points undergo 
"localization".l9 The extreme situation exists when the 
junction points lie on the surface of the domain, yielding 
strongly segregated domains. Thus, the domain and 
surrounding material are pure and the interfacial width 
is very small. A-B interactions occur only at  the interface. 
The opposite case is seen in the weak segregation region 
of the phase diagram. A very weak periodicity exists in 
the system, with a broad dispersion of junction points 
characterizing the interfacial region. Starting from this 
point, as the system is further quenched into the inter- 
mediate segregation regime, the chains are stretched in 
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Figure 5. Characterization of the dependence of the domain 
spacing, D (part a), and the interfacial width, u. (part b). on x 
and N for spheres at1 = 0.19 ( 0 , O ) .  The values adjacent to the 
lines in part a indicate the value of m in D = Nm. That in part 
b indicates the values of 8 in o. = ~ 8 .  The shade of the plotting 
symbolindicatestheregionswherethefulland truncatedversions 
of the free energy are used (see text). 

order to localize the junctions. Since the junctions are 
not completely localized, a significant number of A-B 
contacts exist which further contribute tochain stretching. 

The degree of stretching in this regime will also depend 
on the mean curvature and complexity of the domain 
structure considered. The lamellar morphology, exhibiting 
one-dimensional periodicity, has an infinite principal 
radius of curvature regardless of the value off. Hence, no 
dependence of the intermediate exponent on f is expected 
from this effect. However, the cylindrical morphology 
which is periodic in two dimensions has an f-dependent 
principal radius of curvature, decreasing as f is decreased. 
This causes the A and B blocks to be stretched asym- 
metrically,allowingfor more A-Bcontactsin theinterfacial 
region as f is decreased.*G On the basis of these arguments 
the spherical morphology, which is periodic in three 
dimensions and has two principal radii of curvature,should 
exhibit even stronger chain stretching in this regime. 

Conclusions 

In thisstudywe haveinvestigatedmicrophaseseparation 
of diblock copolymers through calculation of the phase 
diagram and the morphological characteristics for three 
ordered microphases: lamellae, hexagonally-packed cyl- 
inders, and body-centered-cubic spheres. A general 
scheme was implemented which allowed study of diblock 
copolymers at all degrees of segregation. We have re- 
produced the behavior seen in the weak and strong 
segregation regimes by comparingour predictions for these 
regimes to those of established theories. An intermediate 
segregation regime emerged between these limiting Cases 
and exhibited unique properties due to the phenomenon 
of localization. We focused on the scaling relationship D 

Figure fi. images of hexagonally-packed cylinders (arid pre  
jection) for f = 0.30 at odD = 0.25 (top). 0.10 (middle), and 0.01 
(bottom). 
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= Nu and observed that a depends both on the choice of 
morphology and f ,  which is not seen in the weak or strong 
segregation limits. Finally, we have shown that density 
profile parameterization greatly reduces the technical 
complexity inherent in this calculation. Further, no 
physical details of the microstructures were lost when their 
density profile assumed a parameterized form. 

Comparing our results with those Mayes and Olvera de 
la Cruzl* and the self-consistent field treatments of S h ~ l l ~ ~  
and Vavasour and W h i t m ~ r e , ~ ~  we see that the primary 
difference is the scaling exponent CY in the weak segregation 
regime. The value of this exponent, in a sense, arises from 
a question of convergence. That is, when our development 
and that of Mayes and Olvera de la Cruz are compared, 
the difference lies in the vertex functions employed: local 
versus non-local. Since the predictions of Leibler for the 
weak segregation regime are recovered in our development 
we naturally expect that the consideration of nonlocal 
higher order vertex functions would yield results similar 
to those of Mayes and Olver ade la Cruz. However, we are 
a t  present unable to obtain reliable predictions from 
DFT when considering nonlocal higher order vertex 
functions-particularly for the cylindrical and spherical 
microphases-due to the very large number of wave vectors 
needed for a convergent Fourier series. 

Although not as obvious, this difference is also the source 
of the discrepancies between our predictions and those of 
the self-consistent field theories for weakly and interme- 
diately segregated  system^.^^^^^ We note, however, that 
these treatments suffer from an inherent technical dif- 
ficulty. For the case of symmetric diblock copolymers, 
the amplitude of the density profile and, consequently, 
the free energy vanish continuously as the MST is 
approached from the deeply quenched state. Therefore, 
in these formalisms, it is difficult to ascertain a precise 
value for the minimum free energy close to the MST. In 
both studies, an extrapolation to Leibler's predictions for 
the domain spacing at  the MST was necessary when 
addressing weakly segregated symmetric diblocks. Similar 
numerical problems also existed for asymmetric diblocks, 
which prevented a precise calculation of the domain 
spacings of systems close to the MST.24 This technical 
problem was the opposite of that experienced in the present 
study, where approximations were needed to consider 
strongly segregated systems forming cylindrical and 
spherical microstructures. 

We now comment on the status of experimental work 
pertinent to the problem addressed here. We focus on 
the strong segregation limits observed for the morphologies 
considered in this study and the observed values of a in 
D = Nu in the intermediate segregation regime. 

Since we did not consider the presence of the ordered- 
bicontinuous double diamond (OBDD) morphology27 in 
our phase diagram, we can only comment on the strong 
segregation limit for spheres a t  this time. For polystyrene 
polyisoprene diblock copolymers, which are well repre- 
sented by our development, the strong segregation limit 
for spheres is experimentally observed to lie a t  f = 0.18.28 
This is in excellent agreement with our predicted value of 
f = 0.195 (see Table I). We further note that of the 
theoretical developments presented here, our predictions 
compare quite favorably with experimental observations. 
On the basis of this, we are optimistic that a similar degree 
of agreement will be see for the strong segregation limits 
of the cylindrical and the OBDD microphases. 

The prediction that a in D = Na is higher than that 
observed in the strong segregation limit as xNis increased 
from the weak segregation regime was experimentally 
observed by Almdal and c o - w ~ r k e r s ~ ~  for symmetric 
diblocks of poly (ethylenepropy1ene)-poly(ethylethy1ene) 
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forming lamellae. They observed the apparent power law, 
D = W.8. Hadziioannou and S k o u l i ~ s ~ ~  observed a similar 
exponent (0.79) for their symmetric polystyrene-polyiso- 
prene diblocks. However, in each of these investigations, 
a crossover from the intermediate to the strong segregation 
regime was not observed. Assuming, however, that the 
experimentally observed value of a = 0.8 corresponds to 
the intermediate regime, the difference between 0.8 and 
0.72 (predicted by DFT for lamellae) is not unreasonable 
given that this exponent is nonuniversal and depends on 
compressibility, chain stiffness, segment volumes, etc. 
(Melenkevitz and Muthukumar'g further argue this point.) 
Experimental determination of a for the cylindrical and 
spherical microphases in the intermediate segregation 
regime will further test the predictive power of density 
functional theory presented here. 

We close this section by stating the implications of this 
work. The scheme described above is general. Analysis 
of systems exhibiting variations in block copolymer 
architecture or chemical composition is possible through 
appropriate modification of the above formalism. For 
example, modifications in the vertex functions in eq 3 
would allow study of the microphase separation of A-B 
star-dibl~cks.~~ Compressibility may be reintroduced into 
the calculation as another variational parameter by 
retaining the full form of eq 1. The effect of composition 
fluctuations on the weak segregation behavior can be 
addressed by incorporation of the techniques introduced 
by Brazovskii and developed by Fredrickson and Helfand 
into the free energy functional. Finally the stability of 
other morphologies such as the ordered-bicontinuous 
double diamond (OBDD) may be investigated by suitable 
density parameterization using the proper (kn). 
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